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Abstract 

We establish a central limit theorem and an invariance principle for 
stationary random fields, with projective-type conditions. Our result is 
obtained via an m-dependent approximation method. As applications, 
we establish invariance principles for orthomartingales and functionals 
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1 Introduction 



In 1910, iMarkovl (|l910l ) proved a central limit theorem for a two-state 



Markov chain. This initiated one of the longest histories in probabihty 
theory, the central limit theorem for stationary processes. One su ccessful 



appro ach is the martingale approximation method, first applied by iGordin 
(119691) and then developed by many other researchers. Along this line, 



jp ed by 

Maxweh and Woodroofd (l200d ) proved the fohowing resuh. Let {Xfcjfcgz be 
a stationary process with X]^ = f oT^ for all /c E Z, where / is a measurable 
function from a probabihty space {0,,A,¥) to M, and T is a bimeasurable, 
measure-preserving, one-to-one and onto map on (0,^, P). Consider 

n 

Sn{f) = Y.foT\ (1.1) 

fc=l 
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Let {Fk}k& be a filtration on (il,^,P) such that T~^Fk = J^k+i for all 
k £ Suppose / /^dP < oo, f fdF = 0, / G (i-6-, the sequence is 
adapted) and E(/ | C\kez-^k) = 0. Maxwell and Woodroofe proved that, if 



E 

k=l 



mskif)\mh 



< oo . 



(1.2) 



then = lim„_i.oo E(S'^)/n exists, and 



Snif) 



n 



AA(0,cj2 



Here '=^' denotes the weak convergence of the random variables (convergence 
in distribution), and the norm ||-||2 is with respect to the measure P. Note 
that ()1.2p is implied by 



g. ||E(/orM 7-0)112 



k=l 



(1.3) 



Condi tion (11.21) is referr e d to as the Maxwell-Woodroofe condition. 
Later on, Peligrad and Utev ( 20051 ) showed that p.2|) also implies the in- 
variance principle. Indeed, let {B(i)}tG[o,i] denote the standard Brownian 
motion. Then, (II. 2p implies 



(jJt 



n 



where [xj denotes the largest integer smaller or equal to x G M and 
'=^>' is understood as the weak convergence in C[0, 1]. Furthermore, 
Peligrad and Utev showed that (II. 2p is the best possible (ar nong conditions 
that o nly r estrict the size of \ \K(Sn {f ) \ -Fo)llo)- See also iDedecker et al. 



(|2007l ) and IPurieu and Voln^ (j2008i ) for comparisons of Conditions (11.20 
and ()1.3p with other sufficient conditions for central limit theorems. For 
non-adapted sequences (i.e., / ^ J^o); a simil a r cori dition guaranteeing 
the invariance principle is established bv IVolnvl (j2007l ). Other important 



references on cent r al lim i t theorems by martingale approximation i nclud e 
Gordin and LiBid (Il978l). iKipn is an d VaradhanI dlQsd). IWoodroofd (|l992| ). 



Wu and Woodroofe! (l2004l^. Eedecker et all hmi ^. IPeligrad et all mm. 
among others, and Merlevede et al. ( 20061 ) for a survey. The martingale 
approximation can also be appli ed to establish in variance principle for em 



pirical processes, see for example [Wu I2OO8I ). and for random walks in 
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rand om environment, see for example iRassoul-Agha and SeppalainenI (j2005l . 
20071 ) ■ 

In this paper, we establish a central limit theorem and an invariance 
principle for stationary mult iparameter randorn fields. We briefly mention a 
few results in the l iterature. Bolthausen (1982), Goldie and Morrow ( 19861 ) 
andlBradlevI (Il989^) stu di ed this probl er n und er suita ble mixing conditions 



Basu and Dorea (jl979l ). Nahapetian ( 19951 ). and Poghosyan and Roellyl 
(j 19981 ) considered the problem fo r multiparam eter martingales. Another im- 



portant result is due to lDedeckerl (119981 . l200ll ). whose approa ch was based on 



an ad aptation of the Lindeberg method. As a particular case, ICheng and Ho 
(|200fil l established a central limit theorem for junctionals of linear random 
fields, based on a lexicographically ordered martingale approximation. 

Here, we aim at establishing the so-called projective-type conditions such 
that the central limit theorem and invariance principle hold. Such condi- 
tions, often involving conditional expectations as in (11. 2p and (jl.3p . have 
recently drawn n iuch attentions i n cent ral limit theorems for stationary se- 
quences (see e.g. iDedecker et al.l (j2007l )). In particular, such conditions are 



easy to verify when applying s uch results to stochastic processes from statis- 
tics and econometrics (see e.g. Wu ( 201ll )). However, central limit theorems 
for stationary random fields based on projective conditions have been much 
less explored. 

This problem is not a simple extension of a one-dimensional problem to 
a high-dimensional one. An important reason is that, the main technique 
for establishing central limit theorems with projective conditions in one di- 
mension, the martingale approximation approach, does not apply to (high- 
dimensional) random fields as successfully as to (one-dimensional) stochastic 
processes. This obstac le has been known among researchers for more than 
30 years. For example. iBolthausen (|l982l ) remarked that 'Gordin uses an ap- 
proximation by martingales, but his method appears difficult to generalizes 
to dimensions > 2.' 

Our result, with a condition similar to (II. 3p . is a first attempt of ex- 
tending central limit theorems with projective-type conditions to the mul- 
tiparameter stationary random fields. The result is obtained by a different 
approximation approach, namely, approximation by m-dependent random 
fields. 

To state our main result, we start with some notations. We consider a 
product probability space {^,A,F), i.e., a Z'^-indexed-product of i.i.d. prob- 
ability spaces in form of 
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Write ek{oj) = Wfc, for all ojEM.^ and A; G Z'^. Then, {ekjkeZ'i 

are i.i.d. ran- 
dom variables with distribution P. On such a space, we define the natural 
filtration {J^k}kez<i by 

J-fc := a{ei :l^k,le Z'^}, for ah A; G Z'^ . (1.4) 

Here and in the sequel, for all vector x G M*^, we write x = (xi, . . . , xa) and 
for all l,k e M*^, let Z r< A; stand for 1^ < ki,i = 1, . . . ,d. 

We focus on mean-zero stationary random fields, defined on a product 
probability space. Let {Tk}kez<i denote the group of shift operators on 
with {TkU!)i = (jJk+h for all A;, Z G Z*^ , a; G R^'*. Then, we consider random 
fields in form of 

{/ ° Tkjkezd , or equivalently {f{ek+i : I G Z'^)}^^^^ > 
where / is in the class >Cg = {/ G 17 {Too), J /dP = 0},p > 2, with T'oo = 

Throughout this paper, we consider a sequence {T^ijneN of finite rectan- 
gular subsets of Z*^, in form of 

d 

Vn = . . . , m^^^} C n'^ , for all n G N , (1.5) 

i=l 

with m^"^ increasing to infinity as n ^ oo for alH = 1, . . . , d. Let 

5„(/) = 5(H.,/)= ^ /oTit (1.6) 

denote the partial sums with respect to Vn- Moreover, write for t G [0, 1], 
Vn{t) = \{t=A^,mfh] C and Rk = \{t=i{ki - 1, A;,] C M'^ for aU k G U^. 
We write also 

S„,t(/) = Bv^,tU) = Yl ^(^nit) n Rk)f o Tk , (1.7) 

where A is the Lebesgue measure on W^, and consider the weak convergence 
in the space C[0, 1]'^, the space of continuous functions on [0, 1]'', equipped 
with the uniform metric. Recall that the standard cZ-parameter Brownian 
sheet on [0,1]'^, denoted by {M,{t)}^^^Q ^d, is a mean-zero Gaussian random 

field with covariance E(B(s)B(t)) = Hf^^ min(si, tj), s, t G [0,1]'^. Write 
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= (0, . . . , 0), 1 = (1, . . . , 1) G TL . In parallel to ()1.3p . our projective- type 
condition involves the following term: 



~ ,p ||iE(/or,| j-i 



fceN^ 

Our main result is the following. 



Theorem 1.1. Consider a product probability space described above. If 
f G Cl, f e To and Ad,2if) < oo, then 



a 



iim 7^^. < oo 



exists and 



Snif) 



IK,, 



AA(0,ct2). 



In addition, if f £ Cq and A(i p(/) < oo for some p > 2, then 



BnAf) 



(1.9) 



in C[0,lY. 

For the sake of simplicity, we will prove Theorem 11.11 in the case d = 2 
in Sections [3] and [H 

We develop two applications of the main result. First, we obtain a cen- 
tral limit theorem for orthomarti n aales, a special class of multiparameter 
martingale (see e.g. iKhoshnevisanI ( 20021 )). defined on a product probability 
space. To the best of our knowledge, this result is more ge neral than exist- 
i ng ce n tral limit theorems for r aultiparameter martingales (iBasu and Dorea 
(| 19791 ). iNahapetianI h99^ ) and IPoghosvan and Roellvl (Il998l ;)). on which we 
provide a detailed discussion in Section [5l In particular, we demonstrate 
that one should not expect a central limit theorem even for general or- 
thomartingales, without extra conditions on the structure of the underlying 
probability space. 

Second, we obtain an invariance principle of functionals of stationary 
causal line ar random fields in Section [6l This result extends the work of 
Wul (|2002l ) in the one-dimensional case. Another central limit theorem for 
fu nctional of stati o nary linear random fields has rec ently been developed 
by ICheng and Hoi (120061) . following the approach of iHo and Hsinei (jl997l ) 
and 

examples where our condition is weaker. 



Cheng and Hoi (|2005l ) in the one-dimensional case. We provide simple 
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Remark 1.2. After we finished tliis work, lEl Machkouri et al.l (|201ll ) ob 
tained a central limit theorem and an invariance principle for stationary ran 
dom fields, in the similar spirit as ours. They took also an m-approximation 



appro ach, based on the physical dependence measure introduced by IWu 



(I2OO5I ). Their results are more general, in the sense that they established 



invariance principle for random fields indexed by arbitrary sets instead of 
rectangle ones. Their conditions are not directly comparable to ours. How- 
ever, in the application to functionals of linear random fields, their condition 
on the coefficients is weaker (see Remark 16. 6p . 



The paper is organized as follows. In Section [2] we provide preliminary 
results on m-dependent approximation. We establish the central limit the- 
orem in Section [3] and then the invariance principle in Section HI Sections [5] 
and [6] are devoted to the applications to orthomartingales and functionals 
of stationary linear random fields, respectively. In Section [71 we prove a 
moment inequality, which plays a crucial role in proving our limit results. 
Some other auxiliary proofs are given in Section [8l 



2 m-Dependent Approximation 



We describe the general procedure of m-dependent approximation in this 
section. In this section, we do not assume any structure on the underlying 
probability space, nor the filtration structure. Instead, we simply assume 
/ G = {/ G L2(fi,^,P), / /dP = 0}, and {Tk}k(zzd is an Abelian group of 
bimeasurable, measure-preserving, one-to-one and o nto maps on (i},A,¥). 

Th e notion of m-dependence was introduced by iHoeffding and Robbins 
( 19481 ). We say a random variable / is m-dependent, if /oT^, foTi are inde- 
pendent whenever \k — l\oo '■= maxj=i^,,,^^ \ki — li\ > m. The following result 
on the asympt otic normality of su ms of m- depend e nt ran dom variables is a 
consequence of Bolthausen ( 1982 ) (see also Rosen ( 19691 )). Recall {Vn}neN 
given in (II. Sp . 



(2.1) 



Theorem 2.1. Suppose fm S ^■^ m-dependent and. Write 



Then, 



Sn ifm) 
W |l/2 
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Now, consider the function / G Lq{F) 

, = lim sup 



We refer to the pseudo norm defined by 



and define 

|gn(/)|l2 

^ plus-norm. 



(2.2) 



Lemma 2.2. Suppose /, /i,/2,' 
m G N. // 



S io(^) ^'^'^ m- dependent for all 



lim II/-/, 



then 



exists, and 



lim fJn 



lim ll/m||^/ + 



=: 0" < oo 



^n(/) 

lK|i/2 



AA(0,a2). 



(2.3) 
(2.4) 

(2.5) 



Proof. It suffices to prove ()2.4p . We wih show that {cr^jmeN forms a Cauchy 
sequence in M+. Observe that since fm is ?TT,-dependent with zero mean, 



an 



Hm 

n— j-oo 



l'5'ra(/m)||2 

W |l/2 
I ^ri] 



It then follows that 



"mi 



'm,2 I 



< lim sup 



\Sn{,fmi fi 



m2j 



IT/ |l/2 
n— ^-oo I Kfi I 



< 



/mi 



/lk,+ + ||/m. -/||y,+ , 



which can be made arbitrarily small by taking mi,m2 large enough. We 
have thus shown that {(T^}„gn is a Cauchy sequence in R+. □ 

Remark 2.3. The idea of establishing the central limit theoreni by con- 
trolling the quantity ||/ — /m||y,+ dates back to Gordin ( 19691 ). where 
fm was selected from a different subspace. In th e one-dimensional case, 
when Vn = {I, ■ ■ ■ ,n}, Zhao and Woodroofe ( 20081 ) named |Hlv+ t^ie plus- 
norm, and established a necessary and sufficient con dition for t he m artin- 
gale approximation, in ter m of the plus- norm. See Peligrad ( 2O10l ) and 



Gordin and PeligradI (|201ll ) for improvements and more discussions on such 



conditions. 

In the next section, we will establish conditions, under which (12. 3p holds. 
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3 A Central Limit Theorem 



From this section on, we will focus on stationary multiparameter random 
fields, defined on product probability spaces. On Such a space, any inte- 
grable function has a natural L^-approximation by m-dependent functions, 
and there is a natural commuting filtration. 

For the sake of simplicity, we consider only the 2-parameter random 
fields in the sequel and simply say 'random fields' for short. We will prove 
a central limit theorem here and then an invariance principle in the next 
section. The argument, however, can be generalized easily to d-parameter 
random fields, and the result has been stated in Theorem ll.il 

We start with a product probability space with i.i.d. random variables 
R-scall that {Ti.j}(^ij-j^z^ are the group of shift operators on 
and write J-"oo,oo = '■ {hj) £ ^^)- We focus on the class of functions 

Cl = {f e Lp{Foo,oo) : E/ = 0},p > 2. For all measurable function / e £§, 
define, for all m G N, 

:= E(/|J"(„)) with = cr(ej : J e {-m, . . . ,m}^) . (3.1) 

Clearly, G £g, ||/ - /„||2 as m oo and {fm o Ti^j}(i,j)£i? are 
m-dependent functions. 

Now, recall the natural filtration {J^ij} (i,j)£Z'2 defined by T^^i = c(ej,j : 
i ^ k,j < I). This is a 2-parameter filtration, i.e., 

J'i,jCJ^k,i if i<k,j<l. (3.2) 

Also, 

T_i^_jTk,i = J^k+i,i+j ,V(«, j), (kj) G . (3.3) 
Moreover, the notion of commuting filtration is of importance to us. 

Definition 3.1. A filtration {J~i,j}(ij)£z^ is commuting, if for all J-k,i- 
measurable bounded random variable Y, E{Y\Tij) = E.{Y\Ti/\k,jAi)- 

Since {efc,«}(fc,/)GZ2 are independent random variables, j)g22 is 

commuting (see Proposition 18 . 1 1 in Section|8j). This implies that the marginal 
filtrations 

J^i,oo = V J^ij and J"oo,i = V J^i,j (3.4) 

jr>0 i>0 

are commuting, in the sense that for all Y G L^(P), 

E[E{Y\Ti,oo)\J'oo,j] = E[E(y| J-ooj)| -F.,oo] = E(F|J-ij) . (3.5) 
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For more details on the commuting filtration, see Khoshnevisan ( 20021 ) . 
For all 7"o,o-measurable function / G £q, write 

m n 
i=l j=l 

Thanks to the commu ting structure o f the filtration, applying twice the 
maximal inequality in IPehgrad et aD (|2007l l. we can prove the following 
moment inequality with p >2: 

||S^,n(/)||p < CmV2nV2A(„^„)^p(/) (3.7) 

with 

^{m,n),p\J) 2-^1^ A;3/2p/2 

In fact, we will prove a stronger inequality without the assumptions of prod- 
uct probability space and the Jx),o-measurability of /. See Section [71 Propo- 
sition 17.11 and Corollary I7.2[ 
Recall that 

A2,p(/)-2^2^ ,1/2.1/2 • y^-^) 

k=i 1=1 

Now, we can prove the following central limit theorem for adapted stationary 
random fields. 

Theorem 3.2. Consider the product probability space discussed above. Let 
{Vn}n&N be as in (jl.Sp with d = 2. Suppose f G Cq, f G J^ofl, and define 
fm as in (f3TT]) . //A2,2(/) < oo, then 

lim 11/ - fni\\v+ = 0. 

Therefore, a := limm_^oo ||/m||y,+ < oo exist and Snif)/\Vn\^^'^ =^ M{0,a'^). 

Proof. The second part follows immediately from Lemma 12.21 It suffices to 
prove 11/ — /m||v+ — as m — 7- oo. First, by the fact that 

k I 

mSkAf) I -^i,i)ll2 < j;i|E(/oT,,, I ^i,i)||2 

i=l j=l 



9 



and Fubini's theorem, we have ^(^oo,cxd),2 (/) < 9A2,2(/). So, by mil 
and ()3.7p . it suffices to show 

A2,2(/-/m)-2^2^ TTT^TYT^ ^0 (3-9) 

k=l 1=1 

as m — )■ 00. Clearly, the summand in (j3.9p converges to for each k,l 
fixed, since ()3.ip implies ||/ — /m||2 — )• as m — )■ 00 and — fm) o T^^i \ 

•^1,1] II2 < 11/ — /mlb- Moreover, observe that, 

IE(/m o n,i I = E[E(/ o Tk,i I r_fc,_,(J-^„))) I ^1,1] 

= E[E(/or,,; I ^1,1) I r_,,_K-^(m>)], 

where in the second equality we can exchange the order of conditional ex- 
pectations by the definitions of Fi^i and T-k,-i{F{m)) (see Proposition 18.11 
in Section [8] for a detailed treatment). Therefore, 

l|E[(/-/„^)o^fc,H-^l,l]||2 

< ||E(/or,,,z I -Fl,l)||2 + ||E(/r„or,.,/ I ^1,1) 1I2 

<2||E(/oTfc,n-^i,i)l|2. 

Then, the condition A2,2(/) < 00 combined with the dominated convergence 
theorem yields ()3.9p . The proof is thus completed. □ 

Remark 3.3. An 'extension' of Maxwell-Woodroofe condition (11. 2p to high 
dimension remains an open problem. Namely if we replace A2,2(/) < 00 by 
^(00, 00), 2(7) < 00 in Theorem 13.21 do we have the same conclusion? The 
latter condition is significantly weaker than the former one. 

4 An Invariance Principle 

Recall the space C[0, 1]^ and the 2-parameter Brownian sheet {]B(t)}(g[oj]2 . 

Theorem 4.1. Under the assumptions in Theorem \3.Si suppose in addition 
that f £ Cq and A2,p(/) < 00 for some p > 2. Write Bn,t{f) o,s in (jl.7p 
with d = 2. Then, 




where ' =^ ' stands for weak convergence of probability measures on C[0, 1]^. 
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Proof. It suffices to show that the finite-dimensional distributions converge, 
and {S„,i(/)/|K|^/2}te[o,iP is Ught. 

We ffist show that, for ah t = (t^^), . . . , t^''^) C [0, 1]^, 

r-- , ,^M/2 ) ^^{^{t^ '),■■■ ,B(tW)) =:aMj. (4.1) 



Consider the m-dependent function fm defined in (|3.ip . Then, the con- 
vergence of the finite-dimensional distributions (|4.ip with / replaced by 
fm follo ws from the inva riance principle of m-dependent random fields 
(see e.g. Shashkin ( 20031 )). Furthermore, by Theorem 13. 2|, A2,2(/) < 
^2,p(/) < oo, so that II/ — /m||y+ — ^ as m — oo, and therefore, letting 
^n,?(/)/l^nl'^' denote the left-hand side of glj, B^^^ifm - /)/|K|'/' ^ 
(0, . . . , 0) G R'' in probability. The convergence of the finite-dimensional 
distribution (j4.ip follows. 

Now, we prove the tightness of {Bn,t{f)}te[o,i]^- ^ consider 

K = {1,. . . ,ni} X {1,. . . ,712} . 

Write S„,j EE Bn,t{f) and 5^,^ = Sm,n{f) for short. For aU < ri < si < 
1, < r2 < S2 < 1, set, 

Bn({ri,Si\ X (r2, S2]) := -Bn,{si,S2) " -Sn,{ri,S2) ~ -Sn,{si,r2) + -^n,(ri,r2) • 

We will show that there exists a constant C, independent of n, ri, r2, si and 
S2, such that 

(nin2)-i/2||^^((^^^^^] ^ (r2,S2])||p < ^^(si - ri)(s2 - r2)A2,p(/) . (4.2) 



Inequality (14. 2p implies the tightness, by iNagail (174751 ) . Theorem 1. 

Now, we prove (j4.2p to complete the proof. From now on, the constant 
C may change from line to line. Write rrii = [njSjJ — [njrjj ,i = 1,2. If 
'mi>2,i = l, 2, then 

||-Bn((n, Si] X (r2, S2])||p 

— II 'S'mi ,7712 lip ~^ ^11 "^"ii ,1 lip ^ II '^l,"i2 lip ^11 "^1,1 lip 

< C7(mim2)^/2^2,p(/) (4.3) 

for some constant C, by p.7p . Note that rrii > 2 also implies ni{si — ri) > 1. 
Therefore, rrii < ni{si — r^) + 1 < 2ni{si — rj), and (|4.3p can be bounded by 
C{nin2V/^[{si - ri)(s2 - r2)]i/2^2,p(/), which yields ([121). 
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In the case mi < 2 or m2 < 2, to obtain ()4.2p requires more careful 
analysis. We only show the case when mi = l,m2 > 2, as the proof for 
the other cases are similar. Suppose that mi = 1 and we exclude the case 
niri = [nirij = [niri] (it is easy to see that this case can be eventually 
controlled by continuity). Then, we have niri < [riiri] = [riisij < niSi. 
Then, 



\Bniiri,si] X (r2,S2] 
< ni(si - ri)( 



\Si. 



m2 I 



1/2 

+ 2||S'i,i||p) < Cni(si - ri)m2' ^2,p{f) ■ 



Observe that mi = 1 also implies ni(si — n) E (0,2). If ni(si — ri) < 1, 
then ni(si — ri) < [ni(si — ri)]-^/^. If ni(si — ri) E (1, 2), then ni(si — ri) < 
\/2[ni(si - ri)]i/2. It then follows that (jM]) still holds. □ 



Remark 4.2. To prove the invariance principle of stationary random fields, 
most of the res ults require a finite momen t of order strictly larger than 2 . 
See for examp le Berkes and Morrow ( 198ll ). Goldie and Greenwood ( 19861 ) 
and iDedeckeij (j200ll ). This is in contrast to the one-dimensional case, where 
the invariance principle can be established with finite second moment as- 
sumption. 

To the best of our knowledge, the only invariance principle so f ar for sta- 
tionar y random fields that assumes finite second moment is due to ShashkinI 
(|2003l ). where the random fields are assumed to be i?L(0)-dependent (in- 
cluding m-dependent stationary random f ields). In general the BL(9)- 
dependence is difficult to check. Besides, iBasu and Dorea (|l979l ) proved 
an invariance principle for martingale difference random fields with finite 
second moment assumption, but they have stringent conditions on the fil- 
tration (see Remark 15.41 below) . In our case, it remains an open problem: 
whether A2.2 (.f) < oo i mplie s the invariance principle. See also a similar 
conjecture in IPedeckerl JSqH), Remark 1. 



5 Orthomartingales 



The central limit theorems and invariance principles for multiparameter 
martingales are more difficult to establish than in the one-dimensional case. 
This is due to the complex structure of multiparameter martingales. We 
will focus on orthomartingales first and establish an invariance principle, 
and then compare the results on other types of multiparameter martingales. 

The idea of o rthomartingale s are d ue to R. Cairoli and J. B. Walsh. See 
e.g. references in iKhoshnevisan ( 2002 ). which also provides a nice introduc- 
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tion to the materials. For the sake of simpHcity, we suppose d = 2. Consider 
a probabihty space (r2,^,P) and recall the definition of 2-parameter filtra- 
tion (|3.2p . We restrict ourselves to the filtration indexed by N^. 



Definition 5.1. Given a commuting 2-parameter filtration on 
{fl, A, P), we say a family of random variables {Mj^j}(j j)gj^2 is a 2-parameter 
orthomartingale on (r2,^,P), with respect to if for all G 

N^, Mjj is J^jj-measurable, and E(Mj+ij | J^j^oo) = E(Mjj+i | J^oo,j) = 
Mjj, almost surely. 

In our case, for J'o.o-measurable function f £ Cq, Mm,n = Sm,n{f) as 
in (13. 6p yields a 2-parameter orthomartingale, if 

E(/ o Tj+ij I J"i,oo) = 1E(/ o Tij+i I J"oo,i) = almost surely, (5.1) 

for all G N^. In this case, we say {/ o Tj j)g|^2 are 2-parameter 

orthomartingale differences. 

Remark 5.2. In our case, {Afi,j}(jj)gN2 is also a 2-parameter martingale in 
the normal sense, i.e., E(Mjj | Fk^i) = Mi/^kjAi, almost surely. Indeed, 

E{Mij I J^k,l) = miMij I Tk,oo) I -^oo,/] = nM^^k,J I -^oo,/) = M,^k,jAl ■ 

In general, however, the converse is not true, i.e., m ultiparameter martin - 
gales are not necessarily orthomartingales (see e.g. iKhoshnevisanI (j2002l ) 
p. 33). The two notio n s are equivalent, when the filtration is commuting 
(see e.g. IKhoshnevisanI (120021 ). Chapter I, Theorem 3.5.1). 

Theorem 5.3. Consider a product probability space {Q,A,¥) with a natural 
filtration {J^ij}{ij)eN2- Suppose f G and f £ J"o,o- If {/ ° Tij}(jj)gN2 
are 2-parameter orthomartingale differences, i.e., (j5.ip holds, then a"^ = 
lim„_>.oo E(S'„(/)^)/|V^p < oo exists, and 

Sn{f) 



(tN{Q, 1) 



In addition, if f G Cq for some p > 2, then the invariance principle 
holds. 

Proof. Observe that, (15. ip implies E(/ o Tjj- | -Fi,i) = if i > 1 or j > 1. 
Then, for / E £g,p > 2, 

Aoo,p(/) = ||E(/ o Ti,! I ^i,i)||p = ll/llp < oo . 

The result then follows immediately from Theorem II. li Note that, the 
argument holds for g eneral d-parameter orthomartingales {d>2) defined in 
KhoshnevisanI (|2002l i. □ 
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Remark 5 . 4. Ou r re sult is more general than Basu and Dorea ( 19791 ). 
NahapetianI ( 19951 ) and Poghosvan and Roellv ( 1998) in the following s ense. 
Let be be i.i.d. random variables. In Nahapetian ( 19951 ). the 

central limit theorem was established for the so-called martingale- difference 



ran 



dom fields {-^i,j}(i,j)GN2 with Mjj = X]fc=i S/=i ^k,h such that 



E[A,i I <j{ek,i : (/c,/) G I?,{k,l) + (i,j))] =0, for ah (i,i) G . 

In Basu and Dorea ( 19791 ) and Poghosvan and Roellvl ( 19981 ). the authors 
considered the multiparameter martingales ,,)g|^2 with respect to 

the filtration defined by 

Ti^j = a{ek,i : k <i or I < j) . 

It is easy to see, in both cases above, their assumptions are stronger, in 
the sense that they imply that {-A^jj}(ij)GN2 is an orthomartingale, with 
the natural filtration iJ-'i.-i}( i j\rm (11.40. On the other hand, ho wever, the 
results in ( Basu and Dorea ( 19791 ) : lPoghosvan and Roellv only as- 

sume that {eij}(j ,,)g22 is a stationary random field, which is weaker than 
our assumption. 

Remark 5.5. By assumption, the u-algebra of {Tjj}(-j j)g22-invariant sets 
is P trivial. Therefore, our results are restricted to ergodic random fields, 
and exclude the following simple case: 



Xi^,=Yei,,,{i,j)GZ\ 

where y is a random variable independent of {e.jj}(jj)g22 . 
has zero mean and finite variance cr^, then 



Clearly, if eo n 



^ n n 



YZ, 



=1 i=i 



where Z J\f{0,a'^) is independent of Y. For central limit th eorems on 
non-ergodic random fields, see for example iDedeckeii (|l998l . l200ll ). 



At last, we point out that the product structure of the probability space 
plays an important role. We provide an example of an orthomartingale with 
a different underlying probability structure. In this case, the limit behavior 
is quite different from the case that we studied so far. 



14 



Example 5.6. Suppose {ek}kez and {rik}kez are two families of i.i.d. ran- 
dom variables. Define Gi = a{ej ■ j < i) and Tii = cr{r]j ■ j < i) for all i G N. 
Then, G = {Gn}neN and V. = {7in}neN are two filtrations. 

Now, let {Yn}neN and {Zn}nen be two arbitrary martingales with sta- 
tionary increment with respect to the filtration G and H, respectively. Sup- 
pose Yn = YA=iDi,Zn = YIi=i^i^ where {Dn]nm and {En]nen are sta- 
tionary martingale differences. Then, j)gp^2 is a stationary random 
fields and 



m n 



i=l j=l 

is an orthomartingale with respect to the filtration {Gi'^'Hj}(ij)£n^- Clearly, 

^^^AA(0,4)xAA(0,4), 



where the limit is the distribution of the product of two independent normal 
random variables (a Gaussian chaos). That is, M„.„/n has asymptotically 
non-normal distribution. 

One can also define Mm,n = Ym + Zn, which again gives an orthomartin- 
gale, and {Di + -E'j}(jj)gisj2 is the corresponding stationary random field. 
This time, one can show that 



n y n ^/n 

Here, the limit is a normal distribution, but the normalizing sequence is ^/n 
instead of n. 

This example demonstrates that for general orthomartingales, to obtain 
a central limit theorem one must assume extra conditions on the structure 
of the underlying probability space. For the structure mentioned above, 
there is no m-dependent approximation for the random fields. Indeed, the 
example corresponds to the sample space = (IR^,R^) with [Tk^i{e,ri)]ij = 
{ei^k,Vj+l)^ and if we define fm similarly as in ()3.ip with 

^(m) ■= o-{ei,T]j : -m<i,j <m), 

then / and / o T^ i are independent, if and only if min(/c, /) > m. That is, 
the dependence can be very strong, along the horizontal (the vertical resp.) 
direction of the random field. 
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6 Stationary Causal Linear Random Fields 



We establish a central limit theorem for functionals of stationary causal 
linear random fields. We focus on d = 2. Consider a stationary linear 
random field j)g^2 defined by 

— ^ ^ ^ ^ (^r,s^i—r,j—s — ^ ^ ^ ^ ^i—r,j—s^r,s ; (^'l) 

where coefficients {ai,j}(ij)gz2 satisfy Y.{ij)e.i? < and {eij}(j ,,)g22 
are i.i.d. random variables with zero mean and finite variance as before. We 
restrict ourselves to causa/ linear random fields, i.e., ajj- = unless z > and 
j > 0. They are also referred to be adapted to the filtration {J^i,j}[ij)^z'^- 

Now, consider the random fields {/ o Tk^i}(k,i)<^i? with a more specific 
form / = K{{Zij}^^^), where /i is a fixed strictly positive integer, K is a. 
measurable function from M.^'^ to M and for all (A;, /) G 7? , 

{Zij}^^^ := {Zij : k-h + l<i<k,l-h+l<j<l} 

is viewed as a random vector in R''^ with covariates lexicographically or- 
dered. In the sequel, the same definition applies similarly to {a^jj}^'', given 
{^jj}(i,j)GZ2- Assume that 

for some p > 2. In this way. 



Eir({Z,j}°'°) = and EKP({Zij}°'°) < oo (6.2) 



/orfc,; = K({Z„}^'V (6.3) 

The model ()6.3p is a n atur a l exte nsion of the functionals of causal linear 
processes considered by IWu (|2002l l. 

Next, w e introduce a few notations similar to iHo and Hsingi (jl997l ) and 

Wul tooi ). Here our ultimate goal is to translate Condition (|3.8p into a 



condition on the regularity of K and the summability of {ai,j}(ij)Gz2 • For 
all (z,j) G Z2, let 

T{i,j)={{r,s)eZ'' ■.r<i,s<j}, (6.4) 



and write 



H—r,j—s^r,s 



(r,s)er{jj) 

~ ^ ^ 0'i—r,j—s^r,s ~l~ ^ ^ 

(r,s)gr{ij)\r{l,l) (r,s)Gr(l,l) 
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Write Wk,i- = {Zi,j-}1'^ and define, for all {k,l) G Z^, 



In this way, 



E(/ o Tk,i I = Kk,i{{Zij,-}l^') =: Kk,i{Wk,i,-) . (6.6) 

Plugging ()6.6p into (j3.8p . we obtain a central limit theorem for functionals 
of stationary causal linear random fields. 

Theorem 6.1. Consider the functionals of stationary causal linear random 
fields (|6.3|) . // Conditions (|6.'2p hold and 

2-. L fei/2;i/2 < ^ ^ (6-7) 

/or p = 2, then = lim„_>.oo IE(S'^)/n^ < oo exists and Sn/lVnl^^"^ ^ 
M{0,a^). If the conditions hold with p > 2, then the invariance princi- 
ple dLl]) holds. 



Next, we will provide conditions on K and {ai,j}(i,j)ez2 such that (16. 7j) 
holds. For all A C Z^, write 

Za = ^ aije-^i^^j and = ^ af . (6.8) 

(iJ)eA (i,i)eA 

In particular, our conditions involves summations of aij over the following 
type of regions: 

A{k,l) := {{ij) :i> k,j > l},{k,l) € Z^. 

For the sake of simplicity, we write ^ = -dA/fcJliThe following lemma is a 
simple extension of Lemma 2, part (b) in IWul ( 20021 ). 

Lemma 6.2. Suppose that there exist a,/3 S M such that 0<a<l</3< 
oo and Edep/^) < oo. // 



EMlf^{Wi,i) < oo with M^^fsix) = sup |^ _ l|j ^ |^ _ ',|^ > (6-9) 



|i^(a:)- j^(j/)| 

JO wtt/i iviQ,0rx) = sup -j j j 

j,2 , \x — y\" + \x — y\ 

i/ien, for all p >2, 
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The proof is deferred to Section [HI Consequently, Condition (|6.7p can be 
replaced by specific ones on A^. 

Corollary 6.3. Assume there exist a, P E M as in Lemma \ 6.2l Consider 
the Junctionals of stationary linear random fields in form of (|6.3p . Suppose 
Condition (16. 9p holds and 

oo oo 4°^/^ 

\^ sr^ k+i-h,i+i-h ^ 

2^2^ feV2;i/2 (6.11) 

i/E(|e|^) < oo and (j6.2p /loW wi^/i p = 2, i/ien Sn/n =^ A/'(0,(7^) lyzi/i some 
a < oo. //E(|e|^) < oo and (16. 2p /loZds p > 2, then the invariance 
principle ()1.9p holds. 

We compare our Condit ion (I6.11D on t h e sum mability of {ajj}(ij)gz2 , 



and the one considered by Cheng and Ho ( 20061 ) . They only established 



central limit theorems for fu nctionals of stat i onary linear random fields, so 
we restrict to the case p = 2. ICheng and Ifcl (j2006l ) assumed 



EEi«mI'^'<°°' (6.12) 

1=0 j=0 

and provided different regularity conditions on K. Namely, 

sup < oo 



for all X G M with Z\ defined in (j6.8p . and that for any two independent 
random variables X and Y with E{K^{X) + K^{Y) + K^{X+Y)) < M < oo, 

E[{K{X + Y)- K{X)f] < C[E(y2)]7 (6.13) 
for some 7 > 1/2. In general, ICheng and Hoi (|2006l Vs condition and ours 



on the regularity K are not comparable and thus have different range of 
applications. Below, we focus on the simple case that h = 1 and K is 
Lipschitz, covered by both works. This corresponds to a = /3 = 1 in (j6.9p 
and 7 = 1 in (j6.13p . In the following two examples, our Condition ()6.1ip is 
weaker than Condition (I6.12p . 

Example 6.4. Consider Oj j = {i + j + 1)"'^ for all i,j>0 and some q > 1. 
Then, A = E£oE~o«M <o«and 

00 

Ak,i = Y.j{k + l + j)-"' = 0{{k + /)2-25) . 
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Then (|6.1ip is bounded by, up to a multipHcative constant, 

°° °° {hMl^^-Q °° t.(l-'?)/2 °° /(l-'j)/2 , °° s2 
Z^Z^ A;V2/l/2 ^Z^ kl/2 11/2 -\Z^'^ J ■ 

k=l 1=1 k=l 1=1 k=l 

Therefore, Condition (j6.1ip requires q > 2. In this case, Condition (j6.12p 
requires (? > 4. 



Example 6.5. Consider Uij = (i + 1) '^(j + 1) ^, for aU i,j>0 for some 

2 

.j=0 J 



> 1. Then, A = Y^Zo E^o "^L' < °° ^nd 



= E E <J = Oik-^"^-'n-("^-'^) . (6.14) 

i=k j=l 

One can thus check that Condition (|6.1ip requires q > 3/2 while Condi- 
tion ()6.12p requires q > 2. 

Remark 6.6. For the central limit theorem for functionals of linear randoin 
fields, the weakest condition known is due to lEl Machkouri et al.l (j201ll ) 
(Example 1 and Theorem 1), who showed that it suffices to require K to be 
Lipschitz and 

Furthermore, their result and the one by Cheng and Hoi (j2006l ) do not as- 
sume the linear random field to be causal. 



7 A Moment Inequality 

We establish a moment inequality for stationary 2-parameter random fields 
on general probability spaces, without assuming the product structure. We 
first review the Peligrad-Utev inequality, a maximal L^-inequality in dimen- 
sion one, with p > 2. Recall the partial summation in (II. ip and the related 
probability space. Let C denote a constant that may change from line to 
line. It is known that for all / S U'[Too) with E(/ | J--oo) = 0, 

max \Sk{f)\\\ <Cni/2(||E(/| J-o)||p + ||/-E(/| J-o)||p 

l<A;<n Mp \ ^ 

^ ||E(St(/) I ^ ||St(/) - E(5t(/) I 
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T he inequality above was fi rst established for adapted stationary sequences 
Peligrad and tevi (j OOSi ) and then extended to LP-inequali ty for p > 2 in 



m 



Peligrad et al. ( 2007 ). The case p S (1,2) was addressed by Wu and Zhaol 
(200S). The non-adapted case for p > 2 was addressed by IVoln-s^ 2007 ) . 

For the sake of simplicity, we simplify the bound in (|7.1|) by regroup- 
ing the summations. Observe that ||E(5fc(/) | -7-o)||p < l|lE(5'fc(/) | 
||E(/ I J-o)||p = ||E(5i(/) I and ||/-E(/ | To)\\p = \\Si{f) -E{Si{f) \ 

J^i)||p. Thus, we obtain 



max \Sk{f)\\\ 

l<k<n lip 

- [h h ^ * ' 



Now, consider a general probability space (Q,^,P), and suppose 
there exists a commuting 2-parameter filtration (ij)£Z'^ ^ ^^^d an 

Abelian group of bimeasurable, measure-preserving, one-to-one and onto 
maps {rjj}(j .,)g22 on (r2,^,P), such that (13. 3p holds. Define 7oo,oo = 



Note that 



V(i,j)GZ2 -^-oo,oo — PlieZ-^'^oo and Too -co — I Ijgz-'ooj- 

when {VL,A,f) is a product probability space, then J-"_oo,oo and J-"oo,-oo are 
trivial, by Kolmogorov's zero-one law. 

Recall the definition of Sm,n{f) in (jS.Gp . Given /, write S'm,n ^ Sm,n{f) 
for the sake of simplicity. 



Proposition 7.1. Consider (il,^,P), {Tij}^^j-^^^2 
scribed as above. Suppose p > 2, f £ L'p{Foo,oo) o-nd E(/ | J^- 



and {-7^i,i}(ij)6z2 de- 
.0,00) =E(/ I 



0. Then, 



with 
dk,i{f) 



|^m,n||p<Om n 2^2^ 1-3/2/3/2 
fc=l /=1 



+ ||E(5fc,z|^i,oo)-IE(5fc,H-^i,/)||p 
+ ||E(5fc,H -^00,1) -IE(5fc,n-^fe,i) lip 

+ ||5'fc,z — E(5a;j I -7-fc,oo) - IE(S'fc,z I Too,i) + E{Sk,i \ -^fcj)llp ■ 



Corollary 7.2. Suppose the assumptions in Proposition \ 7. 1\ hold. 
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(i) If f e Fofi, then 



(a) // {/ o Tjj}(j j)g^2 are two-dimensional martingale differences, in the 
sense that f G LP{FQfi) and E(/ | -Fo,-i) = E(/ | J^-ifl) = 0, then 

||5„^,n(/)||p<Cml/V/2||/||p. 

The proof of Corollary 17.21 is trivial. We only remark that the second 
case recovers the Burk holder's ir iequa lity for multiparameter martingale dif- 
ferences established in iFazekasI JSqE). 

Proof of Proposition \7. 1\ Fix /. Define 5*0,™ = X]j=i / ° ^o,j- Clearly, 

m n m n m 

Sm,n = f ° '^ij = f ° '^0,j) ° "^ifi = ^Q^n ° Tifl . (7.3) 

i=l j = l i=l j = l 1=1 

Fix n. Observe that E5o,n = and /S^n ° Ti,o is a stationary sequence. 
Furthermore, {Ji,oo}iGZ is a filtration, T^^Fj^co = T^iflFj^oo = Fi+j,oo and 
IE(5'o,n I -7^-oo,oo) = 0. Therefore, we can apply the Peligrad-Utev inequal- 
ity ()7.2p and obtain 



oo;iip 



k=l 



m 

+ J2k~''/^ \\Sk,n-nSk,n I -^fc,oo)||p ) • (7.4) 

We first deal with Ai. Define Sm,o = YlT^i f ° ^«,o- Similarly as in ()7.3p . 
Sk,n = Zlj=i Sk,o ° To J, and 

n 

^{Sk,n I -^l,oo) = ^IE(5fc^o ° ^0,j I -^l,oo) 

i=i 

n 

= ^ E(5fc,0 o Tqj I To _j(J"i,oo)) , 
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where in the last equahty we used the fact that ?oj(-Fj^oo) = ^i,oo, for all 
i,j G Z. Now, by the identify E(/ | J") o T = E(/ o T | T-^{T)), we have 

n 

^{Sk,n I -^1,00) = ^ ^(Skfl I -^1,00) o Tqj . (7.5) 

i=i 

Observe that (j7.5p is again a summation in the form of (jl.ip . Then, applying 
the Peligrad-Utev inequality (|7.2|) again, we obtain 

n 

Ai < Cn^/' (J^r ||E[E(5fc,; 1-^1,00) I -^00,1] lip 
1=1 

n 

+ ^/-3/2||E(5,,; I J-i,oo) - E[E(5fe,i I J-i,oo) I -Foo,i]||p) . 
1=1 

By the commuting property of the marginal filtrations (13. Sh . the above in- 
equality becomes 

n 

Ai < CnV2(^^r3/2||E(5fe,H-^i,i)llp 

n 

+ Y.l-^'^mSk,i I -7^1,00) - E(5fc,; I J^i,;)llp) • (7.6) 
1=1 

Similarly, one can show 

n 

^2 = / \Skfl — ^{Skfl I ^k,oo)\ ° Tqj 

II ^ P 

n 

< ^ r ||E(5fc,, I Too,i) - nSk,i I lip 

1=1 

n 

+ ^r3/2||5;,_;-E(5fc,H-^fc,Oo) 

-E(5fc,; I T^^i) + E(5fc,i I Tk,i)\\^ . (7.7) 
Combining (|7.4p . (17. 6p and (j7.7j) . we have thus proved Proposition 17.11 □ 

8 Auxiliary Proofs 

For arbitrary c-fields let T\lQ denote the smallest cj- field that contains 
T and Q. 
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Proposition 8.1. Let {il.,B,¥) be a probability space and let T,Q,1-L be 
mutually independent sub-a-fields of B. Then, for all random variable X G 
B, E|X| < oo, we have 

¥.[¥.{x\T\j g)\gyn\ = ¥.{x\g) a.s. (s.i) 

Propositio n 18.11 is closely rela t ed to the notion of conditional indepen- 
dence (see e.g. Chow and Teicher ( 19781 ). Chapter 7.3). Namely, provided a 
probability space (fi, J^, P), and sub-cx-fields G11Q2 and of F, Qi and Q2 
are said to be conditionally independent given ^3, if for all Ai £ Qi, A2 £ G2, 
F{Ai n A2 I Gs) = P(^i I ^3)^(^2 I G3) almost surely. 

Proof of Proposition \8.1[ First, we show that T \l G an d G "^i are condi- 
tional ly independent, given G- By Theorem 7.3.1 (ii) in I Chow and Teicher 
(|l978l l. it is equivalent to show, for ah F G J", G € G, P{F n G \ G V n) = 
¥{F n G I ^) almost surely. This is true since 

F{FnG\GV'H) = 1gE(1f \GV'H) = 1gE(1f \G) = r{FnG\G) a.s. 

Next, by Theorem 7.3.1 (iv) in Chow and Teicher! (jl978l ). the conditional 
independence obtained above yields K{X \ G^'Ti) = IE(X | G) almost surely, 
for all X e FVG, E|X| < 00. Replacing X by E{X \FVG),we have thus 
proved I^J^. □ 

Proof of Lemma 1 6. Si Write Wk,i = {Zjj}^''. Define (and recall that) 

be a copy of Wk^i-, independent of Wk,i,±- 

SeiWk,i ■.= Wk,i,+ + Wk,i,-. 

Recah Kk,i{Wk,i-) = E{K{Wk,i) \ -Fi,i) in dlSI). Observe that by (f63]l . 
Wk^i- G and Wk^i^+,Wk^i- are independent of Fi^i. Therefore, 

nK{Wk,i) I -Fi,i) = ¥.{K\Wk,i)) = 0, and 

\Kk,i{Wk,i,-)\ = \nK{Wk,i)-K{Wk,i)\J'i,i)\ 
< E{\K{Wk,i)-K{Wk,i)\\Fi,i). 

Observe that by (j6.9|) . 

\K{Wk,i) - K{Wk,i)\ < M^^^{Wk,i)mk,i,- - Wk,i,-r + \Wk,i,- - Wk,i,-f) . 

Write Uk,i = Wk^i- — Wk^i-- By Cauchy-Schwartz's inequality, and noting 
that E{\M^^p{Wk,i)\^ I Fi,i) = \\M^,p{Wk,i)\\2 = \\Ma,p(Wi,i)\\l we have 

\KkAWk,i,-)\ < \\M^AWi,i)\\2{n{\Uk,ir + \Uk,i\^? I -^1,1]}'/' , 
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whence, for p > 2, 

\\Kk,i{Wk,i,-)\\p < \\Mo^,p{WiM\\Uk,ir + \Yk,if\\p 

< ||M„,/3W,i)||2(|||C/Mrilp + III^Ml''llp)- (8-2) 

Finally, since for all 7 > and n G N, there exists a constant C{'y,n) > 
such that and for all vector w = {wi, . . . , Wn) G K", 



w 
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i=l 



i=l 



it follows that for all 7 > 0, 



Wi 



k,l,- 



E(|{Z,,-_-Z,,-_K 



o 



E 



k—h<i<k 
l-h<j<l 



By IWul (12003), Lemma 4, under the notation ([63]), E(|epv27) < 00 implies 
that for all A C Z^, EdZAp"^) < CA\ for some universal constant C. It 
then follows that E{\Uk,i\'^'^) = Consequently, ([82]) yields 

< ll^",/3(^M)ll2[o(<tM+i-0 + O(4S-M+i-^)" 

~h,l+l-hl • 

The proof is thus completed. □ 
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